Mutational experiments show how changes in the hydrophobic cores of proteins affect their stabilities. Here, we estimate these effects computationally, using four-body likelihood potentials obtained by simplicial neighborhood analysis of protein packing (SNAPP). In this procedure, the volume of a known protein structure is tiled with tetrahedra having the center of mass of one amino acid side-chain at each vertex. Log-likelihoods are computed for the 8855 possible tetrahedra with equivalent compositions from structural databases and amino acid frequencies. The sum of these four-body potentials for tetrahedra present in a given protein yields the SNAPP score. Mutations change this sum by changing the compositions of tetrahedra containing the mutated residue and their related potentials. Linear correlation coef®cients between experimental mutational stability changes, Á(ÁG unfold ), and those based on SNAPP scoring range from 0.70 to 0.94 for hydrophobic core mutations in ®ve different proteins. Accurate predictions for the effects of hydrophobic core mutations can therefore be obtained by virtual mutagenesis, based on changes to the total SNAPP likelihood potential. Signi®cantly, slopes of the relation between Á(ÁG unfold ) and ÁSNAPP for different proteins are statistically distinct, and we show that these protein-speci®c effects can be estimated using the average SNAPP score per residue, which is readily derived from the analysis itself. This result enhances the predictive value of statistical potentials and supports previous suggestions that`c omparable'' mutations in different proteins may lead to different Á(ÁG unfold ) values because of differences in their¯exibility and/or conformational entropy.
Mutational experiments show how changes in the hydrophobic cores of proteins affect their stabilities. Here, we estimate these effects computationally, using four-body likelihood potentials obtained by simplicial neighborhood analysis of protein packing (SNAPP). In this procedure, the volume of a known protein structure is tiled with tetrahedra having the center of mass of one amino acid side-chain at each vertex. Log-likelihoods are computed for the 8855 possible tetrahedra with equivalent compositions from structural databases and amino acid frequencies. The sum of these four-body potentials for tetrahedra present in a given protein yields the SNAPP score. Mutations change this sum by changing the compositions of tetrahedra containing the mutated residue and their related potentials. Linear correlation coef®cients between experimental mutational stability changes, Á(ÁG unfold ), and those based on SNAPP scoring range from 0.70 to 0.94 for hydrophobic core mutations in ®ve different proteins. Accurate predictions for the effects of hydrophobic core mutations can therefore be obtained by virtual mutagenesis, based on changes to the total SNAPP likelihood potential. Signi®cantly, slopes of the relation between Á(ÁG unfold ) and ÁSNAPP for different proteins are statistically distinct, and we show that these protein-speci®c effects can be estimated using the average SNAPP score per residue, which is readily derived from the analysis itself. This result enhances the predictive value of statistical potentials and supports previous suggestions that`c omparable'' mutations in different proteins may lead to different Á(ÁG unfold ) values because of differences in their¯exibility and/or conformational entropy.
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It is generally agreed that proteins derive a considerable portion of their thermodynamic stability from interactions between non-polar amino acid side-chains sequestered from the aqueous environment by the fold of the polypeptide chain. The nature of these interactions has been the subject of considerable experimentation, 1 ± 5 theoretical exploration 6 ± 14 and debate. 15 Experimental investigations have been based largely on mutagenesis, principally employing ®ve model proteins: T4 lysozyme; 16 ± 21 barnase; 22 ± 24 staphylococcal nuclease; 25, 26 the chymotrypsin inhibitor, CI2; 27, 28 and, more recently, calbindin 29 combined with experimental measurements of the associated change in stability, as judged by unfolding free-energy differences, Á(ÁG unfold ), between mutant and wild-type proteins.
Attempts to relate Á(ÁG unfold ) values to speci®c structural changes have been most successful in cases where the mutant protein structures have been determined, so that their altered properties can be used explicitly in the correlations. 30, 31 Mutational stability changes estimated using distance-derived statistical potentials, given only the structure of the wild-type protein and the nature of the mutation, correlate less well with experiment. 32 ± 34 The best correlations 34 combine distance-derived and torsional preference potentials and explain only $62 % of the total variation in Á(ÁG unfold ).
Use of knowledge-based potentials has been widely debated. 35, 36 For our purpose, those discussions can be summarized brie¯y. Distance-derived potentials substitute for a true, chemical equilibrium a virtual equilibrium between the observed frequencies in the database of static structures and reference frequencies based on a null hypothesis, i.e. that the amino acids present in the sequence act independently and interact randomly. The relationship between such statistical frequency ratios and free energies is unclear, because the properties of the database have only heuristic connections to the Boltzmann distribution law. Arguing by analogy with the Boltzmann statistical formulation thus begs the important question of what temperature should be chosen for the evaluation of statistical potentials derived from log-likelihood ratios. 36 Moreover, adding such potentials to estimate mutational free energy changes is of questionable validity, given the potentially protein-speci®c, entropic consequences of mutation. 37 Contributions to protein stability estimated using such potentials to represent tertiary packing interactions also are conceptually problematic because they estimate, indirectly, interactions whose stabilizing impact arises from the hydrophobic effect, which is temperature-dependent. The hydrophobic effect owes much to entropy changes in the aqueous phase, and is generally considered to be beyond direct estimation from structural data alone. For this reason, the contribution of databasederived statistical potentials to stability may actually be different in proteins having different amino acid compositions and chain lengths, N, which determine conformational entropies via lnN. This notion was demonstrated explicitly using a simple lattice model to show that extracted pairwise potentials were indeed proportional to both chain length and composition. 36 The absence of temperature from statistical potentials therefore suggests that their application should be scaled according to the total net entropy changes underlying protein stability. 36 Finally, Betancourt & Thirumalai 38 concluded that although knowledge-based potentials may be appropriate for the study of protein stability, pairwise additive potentials are not suf®cient and that reliable prediction of protein structure will require more complex, higher-order potentials. As the tetrahedron is the three-dimensional simplex, it seemed likely that four-body potentials would better represent tertiary packing interactions in proteins.
Description of the method
Simplicial neighborhood analysis of proteins by Delaunay tessallation and compositional likelihood scoring (SNAPP)
± 41
Several years ago, we embarked on the development of alternative, four-body potentials based on Delaunay tessellation{ of protein structures and compositional likelihood scoring 39 ± 41,43,44 and their application for fold recognition 45 and ab initio structure prediction. 46 In three dimensions, the Delaunay simplex is a tetrahedron that is both necessary and suf®cient to describe nearest-neighbor interactions present in any set of points. For the present work, we use a reduced, residue-based representation of a protein, in which each residue in a PDB ®le is replaced by its side-chain centroid as the basis for tetrahedron formation. With this set of united residues, Delaunay tessellation naturally partitions a protein's tertiary structure into an aggregate of space-®lling, irregular tetrahedra, or simplices, whose edges represent all nearest neighbors and thereby reduce the complex three-dimensional interactions in a protein to explicit, elementary tertiary motifs. 39 We therefore call this approach simplicial neighborhood analysis of protein packing (SNAPP). 43, 41 The invariant number of contributors to a Delaunay simplex and the identi®cation of vertices with speci®c amino acids facilitate comparisons of their compositions to the database of known structures, as described. 39, 40 The amino acid types at the four vertices de®ne the composition of each Delaunay simplex. If the order of the contributing residues is unimportant, there are 8855 possible compositions. Delaunay tessellation has been applied to a nonredundant set of 1200 high-resolution protein structures 47 selected for structural diversity. 41 Loglikelihood scores have been assigned to nearly all of the 8855 possible compositions using the observed frequencies of the tetrahedra, corrected for overall amino acid compositions. These poten-{ Voronoi tessellation was introduced to the ®eld of protein structure by Finney 42 and Richards.
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A collection of points is used as centers for polyhedra whose faces form perpendicular bisectors of the lines connecting them to their neighbors. The Voronoi polyhedra thus partition all points into those that lie closer to a given center than to any of the others in the set. The equivalent tessellation of Delaunay comprises polyhedra whose edges connect the centers of Voronoi polyhedra and meet at a common vertex. Although Voronoi and Delaunay tessellations represent the same information, for bioinformatics purposes the latter has the decisive advantage that three-dimensional Delaunay simplices are always tetrahedra, whereas Voronoi polyhedra have variable numbers of faces.
tials differ from other, distance-derived potentials, because they re¯ect only compositional likelihoods. For this reason, we will refer to them as likelihood potentials.
The prominence of tetrahedra composed of hydrophobic residues and their possible relationship to stabilizing tertiary interactions Tetrahedra with different compositions do not occur with random frequencies in this database. Rather, those composed entirely of four non-polar side-chains occur far more frequently than expected under the null hypothesis of equal frequencies, and most of the high-scoring simplices consist entirely of hydrophobic residues. This phenomenon is a natural consequence of hydrophobes' tendency to pack together. Their high loglikelihoods suggest that tetrahedra composed of four hydrophobic side-chains may encode the most information about thermodynamically important tertiary interactions. Indeed, in related work we have observed a quite similar ordering of fourbody potentials derived for the same, high-scoring tetrahedra from estimates of relative free energies of transfer. 41 If the unexpectedly frequent tetrahedra involving four non-polar residues play dominant roles in stabilizing protein folds, they might be effective in predicting experimental consequences of hydrophobic core mutations. We have investigated this hypothesis by speci®cally evaluating correlations between SNAPP score and protein-stability changes for speci®c mutations made in the hydrophobic cores of several proteins.
Virtual mutagenesis (MuSE; mutation with SNAPP evaluation 41 
)
Any protein with a known or model structure can be tessellated to produce the set of elementary tetrahedral tertiary motifs de®ned by its structure. The SNAPP score is determined by summing the log-likelihoods for all such motifs present in the protein. Mutations will change this sum, because each mutation affects compositions of all tetrahedra that share a mutated residue. To calculate a difference in SNAPP scoring of native and mutant proteins, we assume that discrete mutations do not change the structure.
An example is useful to illustrate how we use the SNAPP procedure in a virtual mutagenesis experiment. A modi®ed Delaunay tessellation obtained for the chymotrypsin inhibitor, CI2, 48 is shown in Figure 1(a) . Technically, this is only a sample of the complete tessellation. A large number of simplices involving adjacent residues in the primary sequence have been ®ltered out because they do not represent tertiary interactions, and simplices with a vertex-to-vertex distance of >10 A Ê are omitted on the grounds that signi®cant direct interactions will not occur at greater distances.
Amino acids contributing to the highest-scoring tetrahedra are shown explicitly in Figure 1 (b), in order to illustrate the consequences of mutating Leu68, a residue central to the CI2 hydrophobic core. The L68A mutation changes the composition of three of the four highest-scoring core tetrahedra and removes multiple van der Waals contacts holding them together. The (red) core tetrahedra involving Leu68 have all been replaced by tetrahedra with lower log-likelihoods than their wild-type counterparts. The total SNAPP score is reduced by À2.36 log-likelihood units in the L68A variant, of which 1.00 log-likelihood units arise from changes in the three highest-scoring Delaunay simplices Figure 1 . Delaunay tessallation and virtual mutagenesis. (a) Delaunay tessellation of an X-ray crystal structure of chymotrypsin inhibitor 2. 48 The polypeptide backbone is shown in brown; tessellation is based on the set of points (not shown) representing the centroids of each side-chain. Delaunay tetrahedra are indicated by spheres at their centers, and by their six edges. As indicated by the key, the color of each simplex re¯ects the log-likelihood score, q ijkl , of the compositional family to which it belongs: red, q ijkl > 0.9; magenta, q ijkl > 0.6; yellow, q ijkl > 0.3, green q ijkl > 0.0; blue q ijkl > 0.0;. Image generated by ProCAM 41 and MAGE 75,76 from PDB structure 2CI2.pdb. 47 The asterisk marks the location of leucine 68, which is the site of virtual mutation illustrated in (b). (b) The local environment of Leu68, and its evolution under the virtual mutation to Ala. Only tetrahedra from the two, highest-scoring classes, are illustrated. Log-likelihoods for each Delaunay tetrahedron, and which contribute to the total ÁS SNAPP score, are indicated in bold for both native and virtual mutant diagrams.
Four-body Potentials, Á(ÁG unfold ), and Entropy Changes illustrated in Figure 1 (b). Experimentally, this mutation reduces the CI2 stability by À3.84 kcal/ mol. 49 To facilitate ef®cient processing of a large number of virtual protein variants for different proteins, we developed an intuitive, interactive Web interface to a suite of programs, MuSE{ that implement the SNAPP method. 41 The necessary geometric calculations and PDB code 47 database queries are performed quickly and automatically. This virtual-mutagenesis algorithm proceeds as follows. (1) Create the tessellation pattern for the native protein. This is done directly from the PDB ®le. (2) Calculate the wild-type SNAPP score. The four-body SNAPP potential, q, is precalculated from non-redundant subsets of the PDB as a log likelihood:
where i, j, k, l are any four amino acid residues, f ijkl is the frequency of occurrence of a given quadruplet as a Delaunay tetrahedron in the structural database, and p ijkl is the expected frequency of occurrence of a given quadruplet based on amino acid frequencies in the same database. The q ijkl shows the likelihood of ®nding four particular residues in one simplex. The SNAPP score is obtained as the sum of q factors for all quadruplets of amino acids observed in a protein after tessellation, i.e.:
where q i is the statistical potential for ith quadruplet and n q is the total number of Delaunay tetrahedra in the protein. The current version of the SNAPP potential is derived from 1200 single-chain protein structures in the CullPDB data set{ (3) Change residues in tessellated protein model. No structural changes are made to the model during this step. The identity of a wild-type residue(s) is changed to that of a mutant, so that the underlying mutant residue(s) participate in precisely the same tetrahedra as the wild-type residues.
(4) Re-calculate SNAPP score. The``mutant'' model's set of Delaunay simplices will be the same in terms of the tessellation pattern, as the positions of points in 3D space are assumed to be unchanged. However, the compositions of simplices in which the mutated residue(s) participate will be different, resulting in different SNAPP scores for the given position in the protein sequence and hence for the protein as a whole ( Figure 1 ).
In practice, as indicated above, this difference is de®ned only by the new compositions for tetrahedra in which the mutated residue participates.
Experimental Á(ÁG) values
To assess the utility of this procedure in predicting consequences of mutation within hydrophobic cores of proteins, we compared experimental Á(ÁG unfold ) values with ÁS SNAPP scores estimated for the same mutants. Seventy-six mostly hydrophobic core mutants (some multiple mutations also involved partially exposed residues) were collected from reports of studies of ®ve proteins: T4 lysozyme (1L63), 30 25, 58, 59 , and calbindin (6ICB), 29 nine mutants. These mutants are summarized in Table 1 .
The literature data were restricted to mutations of``core'' residues. Where possible (CI-2, barnase) mutations were chosen that had been identi®ed in the original literature citations to involve core residues. Where the authors made no such formal distinction (as with T4 lysozyme, staphylococcal nuclease, and calbindin) we de®ned a residue as`c ore'' if its individual residue score (i.e. the sum of scores for all quadruplets that share this residue) exceeded a threshold value of 1.5, chosen to be consistent with the selections for CI2 and barnase. We also reasoned that virtual tessellation changes based on the native state could only report on native-state behavior, and hence eliminated, when possible, mutants that might have a Á(ÁG) unfold component due to changes in the denatured state. Hence, we omitted from consideration single point mutations that involved either glycine or proline in wild-type or variant, as these residues probably do change the entropy of the denatured state. Finally, we narrowed the extensive list of staphylococcal mutants to those whose response to denaturant m-value was within 5 % of the native value, again because outliers in this respect are likely to show effects in the denatured state. 26 
Reproducibility of Delaunay tessellation from multiple coordinate sets
We assessed the variance of the Delaunay tessellation and SNAPP scoring due to crystallographic coordinate errors by two tests. The unliganded forms of Bacillus stearothermophilus tryptophanyltRNA synthetase provide 18 copies of the TrpRS monomer, owing to non-crystallographic symmetry equivalence in the crystals. Each monomer was tessellated. The mean total SNAPP score was 91.1(AE2.1), suggesting that the error in tessellation arising from coordinate variance is roughly 2 % of the total value. An independent veri®cation of the reliability of the tessellation procedures arises in { http://mmlsun4.pha.unc.edu/3dworkbench.html { http://www.fccc.edu/research/labs/dunbrack/ culledpdb.html the case of barnase, for which the asymmetric unit has three independent copies. Virtual mutagenesis was carried out for each copy, and the ÁS SNAPP values are indistinguishable. We conclude that variation in tessellation arising from coordinate variances does not have a signi®cant effect on the SNAPP score.
Structural changes induced by mutation
An essential assumption made to afford our calculations is that the actual structures of wild-type and mutant proteins have the same pattern of nearest neighbors, and hence that the same Delaunay simpices are directly affected by the mutation and that the calculated ÁS SNAPP is due only to compositional changes in these simplices. To test this hypothesis, we have repeated our calculations for barnase using actual structures of nine mutants of this enzyme available in the PDB (1BRH, 1BSA, 1BRI, 1BSB, 1BRJ, 1BSC, 1BSE, 1BRK, 1BSD), replacing the mutant side-chain with the native sidechain in the virtual mutagenesis. The strong correlation between ÁS SNAPP for native-to-mutant and mutant-to-native``virtual mutagenesis'' (R 0.96) suggests that, when restricted to the mutated residue, Delaunay tessellation predicts essentially the same consequences in both directions, supporting our assumption that the tetrahedra involving the mutated residues remain the same in the mutant structures.
Differences between the total SNAPP scores based on actual structures of both wild-type and mutant proteins are less well correlated to the local changes in either direction, with R values of 0.87 in both directions. This result implies that the protein did accommodate mutations by making structural adjustments throughout its internal volume, while leaving local packing near the site of mutation (and its tessellation patterns) more or less unchanged. Equally importantly, this reduced correlation is accompanied by reduced correlation, R 0.65 versus 0.84, between the difference in total SNAPP scores and experimental Á(ÁG unfold ). The total SNAPP score, which includes contributions from many additional tetrahedra of inherently lower SNAPP potential and is hence more vulnerable to statistical noise, is less useful in predicting experimental Á(ÁG unfold ) of hydrophobic core mutations than are the local scores of just the implicated Delaunay tetrahedra.
Correlations between Á Á ÁS SNAPP and experimental Á Á Á(Á Á ÁG)
We calculated ÁS SNAPP scores for each of the hydrophobic core mutants for the ®ve different model proteins in the collection. Statistical analysis was then performed using the software packages JMP 60 and/or SYSTAT 61 to investigate correlations between experimental mutagenesis parameters, Á(ÁG unfold ), and the virtual ones, ÁS SNAPP . To be consistent with previous studies in this area, 32 ± 34 we report the correlation coef®cient, R between two parameters being compared. When we analyze more than a single term in models to predict Á(ÁG unfold ) and want to know the fraction of behavior explained by the model, we will report the squared correlation coef®cient, R
À14
. This correlation compares favorably with those obtained in previous studies, R 0.80 34 and 0.79, 32 which included many of the same mutations but employed distance-derived potentials supplemented by local torsional potentials to estimate Á(ÁG unfold ) values.
However, and in contrast to the previous correlations, the analysis employed here actually also reveals statistically improved correlations when mutants for each protein are analyzed separately ( À8 ; and calbindin 0.035. It is, nevertheless, also important to establish the statistical signi®cance of the improved protein-speci®c correlations relative to the combined analysis in Figure 2 . This can be achieved by evaluating the improvement in light of the additional parameters implicit in the additional plots. An effective way to do this is by the Student's t-test for the slopes and intercepts from the plots in Figure 3 in a multivariate regression of experimental Á(ÁG unfold ) against the ÁS SNAPP value together with m s,i , B i , and the two-way interaction of ÁS SNAPP with m s,I ( Table 2 ). The Student's t-test probabilities for m s,I , B i , and the two-way interaction, Á(SNAPP) Â m s,i are all <0.0001. Thus, the improved correlations in the protein-speci®c plots are highly signi®cant.
Protein-specific effects
The protein-dependence of the plots in Figure 3 implies that mutations that produce identical changes in the nearest neighbor relationships estimated by ÁS SNAPP , lead to different Á(ÁG)s in different proteins. From an experimental standpoint, it has been argued that different proteins might accommodate otherwise comparable mutations more or less easily, due to differences in their inherent main-chain and side-chain exibility. 62, 63 Differences in the numbers of accessible states would give rise to different entropy changes, and hence to different overall free energy changes.
The protein-dependence of the plots in Figure 3 is also of central importance to developing a trulỳ`p redictive'' virtual mutagenesis algorithm, for as others have pointed out, 36 a truly a priori scaling algorithm is lacking. Conversion of SNAPP potentials into free energy estimates may, in fact, be even more problematical as the intercept of the calbindin plot, À1.74, is 7.3 standard deviations from the mean of the remaining intercepts (0.32 AE 0.19). We are faced with a multiplicity of both slopes and intercepts, possibly a different set for every protein ( Table 3) .
Resolution of these protein-speci®c effects may also help overcome one of the most fundamental objections that have been raised in the literature to the use of statistical potentials for estimating free energy changes. It has been argued on principle that because statistical potentials do not explicitly account for entropic changes associated with mutation, they cannot predict free energy changes accurately. 36, 37 The high quality of the correlations in Figure 3 means that a substantial portion of the free energy changes, and by implication also the entropy changes induced by mutation of hydrophobic core residues can be accounted for with a suitable scaling procedure that would accommodate the protein-dependent plots. We observe that ÁS SNAPP values in a given protein correlate better with the associated experimental Á(ÁG unfold ) via sets of protein-speci®c constants than they do in an ensemble of different proteins. This observation implies that they are sensitive to the balance of entropy changes involved in stability.
Thus, the variation in slopes and intercepts evident in Figure 3 highlights unresolved questions of both theoretical and practical importance regarding the relationships between database-derived potentials and protein stability. Of what use are statistical potentials for virtual mutagenesis if the slopes are unique properties of the proteins themselves? Can an a priori algorithm be found for scaling them to experimental values? What relation do the protein-speci®c plots bear to entropy changes on folding?
To answer these questions, we reasoned that if the slopes and intercepts of the plots are responding to entropic effects then they should depend on intrinsic properties that are unique to each protein structure. Residuals, from the ®t in Figure 2 {Á(ÁG unfold ) obs À Á(ÁG unfold ) calc }, are not randomly distributed with respect to two protein-speci®c properties, whose effects are masked by the strong dependence of Á(ÁG unfold ) on ÁS SNAPP . Rather, they are systematically larger for longer chainlength and systematically smaller for larger values of the reciprocal of the average SNAPP score for the protein, hSNAPPi (Figure 4) . As discussed further below, both properties are related to entropy changes on folding. Regressions of the residuals separately against each predictor provide Student's t-test probabilities of 0.001 for lnN and 0.007 for 1/hSNAPPi, suggesting their possible signi®cance in a multivariate model for Á(ÁG unfold ).
The slopes and intercepts of the protein-speci®c plots are closely correlated with the two attributes identi®ed in Figure 4 and listed in Table 3 for the ®ve proteins. The correlation between the proteinspeci®c slope, m s , and the inverse of hS SNAPP i is exceptionally strong (Figure 5(a) ), with the correlation coef®cient R 2 0.95 and a Student's t-test probability of 0.0047. The correlation between the protein-speci®c intercepts, B i , and intercepts calculated from the bivariate model: Figure 5(b) ) is also strong, with R 2 0.98, t-test probabilities of 0.02 and 0.01 for lnN and hSNAPPi, respectively, and an F-ratio test probability of 0.02. Parameters of the protein-speci®c plots in Figure 3 are therefore closely related to the predictors identi®ed in Figure 4 .
A general, multivariate model for Á Á Á(Á Á ÁG)
It is apparent from the analysis of slopes that the proportionate change in SNAPP potential, ÁS SNAPP /hSNAPPi, is a protein-independent predictor of Á(ÁG unfold ). Regression analysis of multivariate hypotheses over the full dataset using this predictor provided a protein-independent model for Á(ÁG unfold ) and a scaling algorithm to correct for protein-speci®c differences in slopes and intercepts in Figure 3 . The best ®t to all observations was obtained as:
The generalized slope and intercept of this model, suggested by parentheses, are nearly identical with those for the regression lines in Figure 5 . Moreover, the individual slopes and intercepts calculated from equation (3) closely approximate those for the ®ve proteins in Figure 3 , and are qualitatively consistent in partial models lacking one or more of the predictors. Thus, the slope for each protein is modulated by 1/hSNAPPi, while the intercept is increased by lnN and reduced by the mean SNAPP potential. Parameters and statistics for this model are summarized in Table 4 . The two new predictors in this model, hSNAPPi and lnN, account for an (Table 3) involving lnN and hSNAPPi.
Four-body Potentials, Á(ÁG unfold ), and Entropy Changes additional 10 % of the total variation in Á(ÁG unfold ), increasing R 2 from 0.73 to 0.83. By correcting for protein-speci®c effects, this model ®ts the observations signi®cantly better than the univariate model (Figure 2) . Thus, although the bivariate intercept predictors are correlated with one another, we are nonetheless con®dent that the protein-speci®c proportionality of Á(ÁG unfold ) to SNAPP likelihood potentials will be predictable from protein properties, even if the particulars of this model are superceded when confronted with a more comprehensive dataset.
Values for all predictors are accessible via Delaunay tessellation of the native protein, so appropriate scaling of our virtual mutagenic ÁSNAPP to experimental Á(ÁG unfold ) values requires no ad hoc assumptions or unknown scaling constants. In this sense, it is genuinely predictive.
All ®ve model proteins examined here are small, globular and well-behaved, and hence relation (3) should be useful for the analysis of hydrophobic core mutation in most such proteins. However, we have explored only a small part of the full range of situations in which analysis of this type might be applied. It remains to be seen how well the analysis may work with larger, multi-domain proteins and in other contexts. It is reasonable to expect it to complement predictors based on distinct thermodynamic properties, such as {f,c} preferences. 34, 64 SNAPP analysis and the study of protein structure and stability Several considerations suggest that the Delaunay simplex provides an appropriate level of detail for the analysis of packing interactions. A tetrahedron has the minimum dimensionality necessary to describe three-dimensional, or tertiary interactions. Weighting tetrahedra with statistical potentials integrates information from many context-dependent effects, six two-way, 15, 65, 66 and four three-way interactions that complicate the evaluation of pairwise packing interactions. Moreover, since the Delaunay simplices ®ll the entire volume, they together exhaustively and uniquely cover the possible sets of such interactions. Our virtual mutagenesis algorithm can therefore consistently approximate the effects of all altered packing interactions. Numerous doubts have been expressed regarding the use of pairwise potentials in this context. 15, 67, 68 Delaunay tessellation provides a natural way to reduce the complex web of three-dimensional interactions between polypeptide residues to a set of elementary motifs. When combined with likelihood scoring from the database, the Delaunay simplex motifs comprise a unique, weighted map of nearest-neighbor packing. 39, 43 The combination affords an extraordinary simpli®cation of tertiary interactions in proteins. Graphical representations of this map capture vividly the packing relations, readily identifying the most important, core interactions in a given protein. 41, 48 For example, the view in Figure 1 corresponds to that of Figure 4 in Itzhaki et al. 27 and the highest scoring tetrahedra shown in red and in the upper left of Figure 1 (a) coincide with the interactions found by those authors using f analysis to be the only``native'' structure present in the transition state for folding.
The correlations in Figures 2-4 establish an important link between such visualization and the thermodynamics of protein folding. The assumption made at the outset of this work was that the log-likelihood of a tetrahedron with any particular composition would provide a``likelihood potential'' and would be both additive and have a heuristic proportionality to free energy. 69, 70 As noted by Thomas & Dill, 36 several different statistical potentials have produced striking correlations with the corresponding free energies. Most impressive are correlations involving local folding determinants, those between distributions of f and c dihedral angles observed in proteins and the corresponding distributions obtained from molecular dynamic simulations of model di-and tripeptides, 71 and those involving a-helix propensities. 72 Prior to this study, however, corre- lations arising from tertiary folding determinants were weaker. The high correlations in Figure 3 indicate that, in a wide range of applications, fourbody compositional likelihood potentials should have a utility at least comparable to those involving local folding determinants and may be complementary to them. More importantly, the evident proportionality between sums of SNAPP potentials and experimental free energies, together with nature of the scaling algorithm in equation (3) provide a novel perspective on an important property of protein structures: folding equilibria for different proteins may involve different balances between the entropic restriction imposed by the native fold and the increase in entropy associated with partitioning hydrophobic side-chains into the protein core. The SNAPP score is the logarithm of a product of frequency ratios, and is therefore somewhat analogous to a product of equilibrium constants, which are ratios of concentrations. From this heuristic connection to the Boltzmann law, and because the slopes in Figure 3 are positive by our sign convention for ÁS SNAPP , we expect the proportionality between the estimated and experimental free energies to be equal to kT eff : Á(ÁG unfold ) kT eff Â ÁS SNAPP , for some, effective, temperature, T eff . Thus, the observed variation in m s,i implies that the ®ve proteins in this study are at different``effective temperatures'' 36 with respect to the SNAPP four-body likelihood potential.
Remarkably, the key to scaling SNAPP potentials to the experimental free energies is the mean SNAPP potential of the protein itself. SNAPP provides both a unique count and a statistical weight for all tertiary interactions in a protein. Delaunay tetrahedra with the highest potentials coincide with hydrophobic core regions; those with negative potentials involve hydrophilic side-chains and are generally at the surface. Thus, a higher hSNAPPi implies that a higher fraction of residues are hydrophobic side-chains that are withdrawn from solution into the core. The mean SNAPP potential is thus a quantitative measure of the price paid in units of buried non-polar contacts in order to restrict each residue to its native conformation. Thomas & Dill 36 showed that proteins in the structural database manage to bury their hydrophobic side-chains more or less well, and relate this effect to a protein-speci®c,``effective temperature''. In general, larger proteins with few enough hydrophobic residues that they can all be accomodated in the core have low apparent temperatures, whereas smaller proteins with more hydrophobic residues have high apparent temperatures. They quantify these differences by de®ning a``partition propensity'': p 2n c /q h n h where, n c is the total number of contacts in a given protein, q h is the average coordination number for hydrophobic side-chains, and n h is the number of hydrophobic residues in the protein. Entirely consistent with its scaling role, hSNAPPi is closely related to the reciprocal of the partition propensity. It is therefore proportional to the fraction of the total stabilization that is due to the hydrophobic effect, and might be called the``hydrophobic moment'' in the stabilization free energy.
That the hydrophobic moment of a protein should provide the appropriate scaling to experimental free energies establishes a link to the notion that m s,i is an effective temperature. hSNAPPi, like temperature, is an intensive quantity independent of the size of the system, whereas ÁS SNAPP , is an extensive quantity dependent on the sum over contributing Delaunay tetrahedra. Our free energy estimate is thus a product of intensive and extensive structural properties, in formal agreement with other components of free energy, like TÁS.
It should be noted that m s,i decreases with increasing hSNAPPi. hSNAPPi is related to hydrophobic interactions that owe their stabilizing effect to the increased entropy of solvent water upon folding. Proteins with a small hydrophobic moment, like CI2 (hSNAPPi 0.11) are at a higher effective temperature with respect to the likelihood potential than those with a large hydrophobic moment, like T4 lyzozyme and calbindin (hSNAPPi 0.36). In other words, they utilize hydrophobic bonding more ef®ciently, and are therefore more vulnerable to structural changes in their hydrophobic cores.
A physical rationalization for the observed differences in m s,i for different proteins, consistent with the qualitative observation that proteins exhibit a rather narrow range of thermodynamic stabilities, 73 is that the overall conformational entropy change on folding is smaller, i.e. less destabilizing, for proteins at higher effective temperatures. This would be the case, for example, if the main-chain were, on average, more¯exible. Equivalently, a native fold which permitted more conformations in its native state, i.e. more microstates, would support changes in its hydrophobic core with smaller stability changes. 62 Effective temperatures indicated for the proteins in this study range from 318 to 1001, and are included in Table 3 .
Conclusions
The most novel and signi®cant result of this study is the ®nding that four-body SNAPP potentials for different proteins scale to experimental Á(ÁG unfold ) values according to their mean SNAPP potential. The consistency of correlations in Figure 2 and the statistical signi®cance of the distinct protein-speci®c plots have enabled us to detect a novel and important relationship between hydrophobic core packing structures and protein stability. Resolution of protein-speci®c effects was not evident in previous studies using other types of statistical potentials, and for which the correlations were of lower quality. 32 ± 34 Conversely, reference free energies estimated using the SNAPP four-body potentials are coherent enough to permit the identi®cation of anticipated protein-speci®c effects. We consider the demonstration of, and correction for, statistically different slopes also as important evidence for the value of four-body compositional log-likelihood potentials, which appear remarkably versatile and well-suited for quantitative analysis of how tertiary packing interactions in proteins determine stability.
One reason for the enhanced performance of four-body potentials based on Delaunay simplices may be that they provide a natural, mathematically rigorous decomposition of the network of fully three-dimensional interactions. In this context, we note that Behe et al. 15 failed to discern any signi®-cant pairwise interactions in their previous attempt to demonstrate them. Pairs and triples are lowerorder packing decompositions, inherently linear and two-dimensional, and so cannot properly represent three-dimensional interactions.
SNAPP``building blocks'' should also provide a standard against which to measure the effects of mutation quantitatively in combinatorial mutagenesis experiments and hence a sound basis for the iterative identi®cation and eventual rationalization of outliers in pursuit of a more complete basis set for predicting protein stability. The precedent of Gilis & Rooman 34 suggests that local conformational propensities can improve correlations between experimental and virtual free energies. Multivariate models involving local and tertiary predictors, as well as others such as changes in simplex volume and shape may allow mathematical predictions to encompass those mutant types that tend to generate less meaningful linear correlations. A more re®ned notion of this method's strengths will doubtless grow as we test its ability to predict multiple, combinatorial, and patterned-library 74 mutations to the hydrophobic core. Whatever their outcome, such studies should contribute to our understanding of protein-folding phenomena.
